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Abstract
We consider reduced Super Yang-Mills Theory in d + 1 dimensions, where d =
2, 3, 5, 9. We present commutators to prove that for d = 3, 5 and 9 a possible ground
state must be a Spin(d) singlet. We also discuss the case d = 2, where we give an
upper bound on the total angular momentum and show that for odd dimensional
gauge group no Spin(d) invariant state exists in the Hilbert space.
1 Introduction
We consider models, which are obtained by dimensional reduction of Super Yang-Mills
theory with gauge group SU(N) in d + 1 dimensions, where d = 2, 3, 5, 9. These models
were used to formulate a quantum theory of supermembranes living in d+ 2 dimensions,
and for d = 9 they describe N interacting D0 branes. It is interesting to know, whether
these models admit a possible zero energy state and what the properties of such a state
are. The general belief, partially proven, is that for d = 2, 3, 5 no zero energy state exists
and that for d = 9 there exists a unique ground state.
Let us start with a very simple argument that zero energy states in d = 9 are Spin(d)
invariant: it is well known [1, 2, 3] that the supercharges, Qβ, of reduced Yang-Mills
theory (for definitions and conventions, see the next section) and
Q˜β = m
3∑
i=1
qiA(γ
123γi)βαΘαA − m
2
9∑
µ=4
qµA(γ
123γµ)βαΘαA ,
γ123 = γ1γ2γ3, satisfy anti commutation relations of the form
{Qβ + Q˜β , Qβ′ + Q˜β′} = δββ′Ĥ +mJij(γ123γij)ββ′ − m
2
Jµν(γ
123γµν)ββ′ + 2qtAγ
t
ββ′JA,
1
where JA, Jij, Jµν are the generators of SU(N), Spin(3), Spin(6) respectively and Ĥ is an
operator, whose form is not important here. As
{Q˜β, Q˜β′} = δββ′(m2
∑
iA
q2iA +
m2
4
∑
µA
q2µA) =:
(
δββ′H˜
)
,
it immediately follows that
{Qβ, Q˜β′}+ {Q˜β, Qβ′} = δββ′(Ĥ −H − H˜) (1)
+mJij(γ
123γij)ββ′ − m
2
Jµν(γ
123γµν)ββ′ ,
so that for SU(N) invariant zero energy states φ, ψ, i.e. states annihilated by the Qβ and
JA,
(φ, Jijψ) = 0, (φ, Jµνψ) = 0.
(just multiply (1) by (γ123γij)ββ′ , respectively (γ
123γµν)ββ′ and sum over β and β
′); hence
Jijψ = 0, Jµνψ = 0,
by choosing φ = Jijψ , respectively Jµνψ. As (123) may be replaced by any other triple
(stu), Jstψ = 0, for all s, t = 1, ...9, provided Qβψ = 0, JAψ = 0.
In the next section we will treat d = 2, 3, 5, 9 on equal footing and, similar to [4], look
for anti-commutators to prove that zero-energy states have to be invariant under Spin(d).
We do find such anti-commutators for d = 3, 5 and 9. For d = 2, we give an upper bound
on the total angular momentum and show that if SU(N) is odd dimensional, i.e. N even,
no Spin(d) invariant state exists in the Hilbert space. The discussion below generalizes
to other gauge groups.
2 Model and Results
Let d = 2, 3, 5, 9, and let (γi)αβ denote the real irreducible representation of smallest
dimension, called sd, of the γ-matrices in d dimensions, i.e. the relations {γs, γt} = 2δst1I.
We have sd = 2, 4, 8, 16. The model, which we are discussing, contains the self adjoint
bosonic degrees of freedom qsA, psA (s = 1, ..., d, A = 1, ..., N
2 − 1) and the self adjoint
fermionic degrees of freedom ΘαA (α = 1, ..., sd, A = 1, ..., N
2 − 1) satisfying
[qsA, ptB] = iδstδAB, (2)
{ΘαA,ΘβB} = δαβδAB, (3)
[qsA,ΘαB] = [psA,ΘαB] = 0.
More precisely, we consider the Schro¨dinger representation (psA = −i∂sA) of (2) on the
Hilbert space
H = L2(Rd(N2−1))⊗F ,
where F ∼= (C2)(sd/2)(N2−1) is the irreducible representation space of (3). The infinitesimal
generators of the gauge group SU(N) read
JA = −ifABC(qtB∂tC + 1
2
ΘαBΘαC),
2
where fABC are real, antisymmetric structure constants of SU(N). The physical Hilbert
space Hphys, given by the SU(N) invariant states in H, is the Hilbert space of the model.
We have a representation of Spin(d) on H (Hphys), with infinitesimal generators
Jst = −i(qsA∂tA − qtA∂sA)− i
4
ΘαAγ
st
αβΘβA
≡ Lst +Mst ,
where γst = 1
2
[γs, γt]. The supercharges are given by
Qβ = ΘαA(−iγtαβ∂tA +
1
2
fABCqsBqtCγ
st
βα) ,
and the Hamiltonian by
H = −∆+ 1
2
fABCqsBqtCfADEqsDqtE + iqsAfABCΘαBΘβCγ
s
αβ .
The anti-commutation relations for the supercharges are
{Qα, Qβ} = δαβH + 2γsαβqsAJA ,
On Hphys this reads
{Qα, Qβ} = δαβH.
We note that the Operators Qα and H are self adjoint on their maximal domain, i.e.
D(Qα) = {ψ ∈ H|(Qαψ)dist ∈ H},
D(H) = {ψ ∈ H|(Hψ)dist ∈ H},
where ( · )dist is understood in the sense of distributions. The restrictions of H and Qα to
Hphys are also self adjoint. We are only interested in SU(N) invariant states, i.e. states
in Hphys. By definition ψ is a zero energy state iff ψ ∈ Hphys ∩KerH . We want to prove
the following
Theorem 1.
(a) For d = 3, 5, 9, a possible zero energy state is a Spin(d) singlet.
(b) For d = 2, a possible zero energy state ψ satisfies
‖Jstψ‖ ≤ 3
2
· dimSU(N) ‖ψ‖.
We start with
Lemma 2. We have the following (formal) anti-commutator relations.
(a) For d = 2, 3, 5, 9, we have with buvα :=
1
sd
(quAγ
v
αǫΘǫA − qvAγuαǫΘǫA),
{Qα, buvα } = Juv + (8/sd − 1)Muv .
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(b) For d = 2, 3, 9, we have with cuvα :=
1
sd
(γwγuv)αǫqwDΘǫD,
{Qα, cuvα } = Juv + (4d/sd − 1)Muv
(c) For d = 3, 5, 9, we have with auvα =
1
4d−8
· ((4d− sd)buvα − (8− sd)cuvα ),
{Qα, auvα } = Juv.
Proof.
By a straight forward calculation we find for d = 2, 3, 5, 9
{Qα, quDΘǫF} = −iγuβαΘβDΘǫF + γsǫαquD(−i∂sF ) +
1
2
fFBCquDqsBqtCγ
st
αǫ . (4)
(a) We have, using (4),
{Qα, quDγvαǫΘǫD} = −i(γuγv)βǫΘβDΘǫD + sdquD(−i∂vD) +
1
2
fDBCquDqsBqtCγ
st
αǫγ
v
αǫ . (5)
The last term in (5) vanishes since the trace over the γ-matrices equals zero. We find
{Qα, quAγvαǫΘǫA − qvAγuαǫΘǫA} = −isd(quA∂vA − qvA∂uA)− iΘαA2γuvαǫΘǫA
= sdJuv + (8− sd)Muv .
(b) We have, using (4),
{Qα, (γwγuv)αǫqwDΘǫD} = d(−i)γuvβǫΘβDΘǫD + sd(−i)(quD∂vD − qvD∂uD)
−1
2
Tr(γwγuvγst)fDBCqwDqsBqtC
= sdJuv + (4d− sd)Muv ,
where the term in the second line is zero, as the trace over the five γ-matrices vanishes.
(c) follows by a linear combination of (a) and (b).
We note that the action of Spin(d) leaves the kernel of H invariant. Let ϕ, ψ ∈ KerH∩
Hphys. Then ϕ, ψ ∈ KerQβ for all β and by elliptic regularity ϕ, ψ ∈ C∞. We assume that
ψ lies in an irreducible representation space of Spin(d). Hence Juvψ ∈ KerH ∩Hphys. Let
d = 3, 5, 9. By Lemma 2 (c), we have
Qαa
uv
α ψ = {Qα, auvα }ψ = Juvψ ∈ H .
Taking the scalar product with ϕ, we want to bring Qα to the other side, i.e. integrate
by parts. Therefore we regularize as in [4]. There exists a function χ : [0,∞) → R in
C∞, such that
χ(r) =


1 r ≤ 1
∈ [0, 1] 1 < r < 3
0 3 ≤ r
,
4
and |χ′(r)| ≤ 1. Define gn(q) ≡ χ(|q|/n). By dominated convergence,
(ϕ, Juvψ) = lim
n→∞
(ϕ, gnQαa
uv
α ψ)
= lim
n→∞
(ϕ, [gn, Qα]a
uv
α ψ) + lim
n→∞
(ϕ,Qαgna
uv
α ψ) . (6)
The second term in (6) vanishes since gna
uv
α ψ ∈ C∞0 is in the domain of Qα and Qα is self
adjoint. By
|[Qβ, gn]|F ≤ const. · 1
n
χ′(|q|/n),
where | · |F stands for the the norm in F or the operator norm in L(F), the first term in
(6) vanishes using the following estimate.
|(ϕ, [gn, Qα]auvα ψ)| ≤ const. ·
∫
n≤|q|≤3n
n · 1
n
|ϕ|F |ψ|Fdq → 0 for n→∞.
Hence (ϕ, Juvψ) = 0. Choosing ϕ = Juvψ, we find
(Juvψ, Juvψ) = 0.
By linear combination, it follows that for d = 3, 5, 9 all states in KerH ∩Hphys are Spin(d)
singlets. For d = 2, we use Lemma 2 (a) or (b) and find by an analogous argument
(ϕ, (Jst + 6Mst)ψ) = 0. Choosing ϕ = Jstψ, we obtain
(J12ψ, J12ψ) ≤ 6|(J12ψ,M12ψ)|
≤ 6‖J12ψ‖ · ‖M12ψ‖ .
A real irreducible representation of the γ-matrices in 2 dimensions is given by γ1 =
σ1, γ2 = −σ3. In this representation we have γ12 = 1
2
[γ1, γ2] = iσ2. It follows that
‖J12ψ‖ ≤ 6‖M12ψ‖
= 6‖ i
4
ΘαAγ
12
αβΘβAψ‖
= 6‖ i
2
Θ1AΘ2Aψ‖
≤ 3
2
dimSU(N)‖ψ‖.
By linear combination the above equation holds for all states in KerH ∩ Hphys. Hence
Theorem 1 follows.
The case d = 2 is special as the following theorem shows.
Theorem 3. For d = 2 and odd dimensional gauge group SU(N) no Spin(d) invariant
state exists in H.
Proof. By definition
J12 = −i(q1A∂2A − q2A∂1A)− i
4
ΘαAγ
12
αβΘβA.
As above, we choose γ1 = σ1, γ2 = −σ3. We define the following annihilation and creation
operators
∂
∂λA
=
1√
2
(Θ1A + iΘ2A), λA =
1√
2
(Θ1A − iΘ2A).
5
We find
J12 = L12 − i
2
Θ1AΘ2A = L12 − 1
2
λA
∂
∂λA
+
1
4
· dimSU(N).
Assume ψ is Spin(d)-invariant, i.e. J12ψ = 0. Then(
L12 − 1
2
λA
∂
∂λA
)
ψ = −1
4
· dimSU(N)ψ.
If dimSU(N) is odd this contradicts that the spectrum of L12− 12λA ∂∂λA only takes values
in 1
2
Z. Hence the claim follows.
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